A Novel Feature of Valence Quark Distributions in Hadrons by Leon, Christopher et al.
A Novel Feature of Valence Quark Distributions in Hadrons
Christopher Leon, Misak M. Sargsian and Frank Vera
Department of Physics, Florida International University, Miami, FL 33199 USA
(Dated: March 31, 2020)
We report an observation of a strong correlation between the height of the maximum of valence
quark structure function, xqV (x), and its Bjorken-x position as a function of four-momentum trans-
fer square −Q2. The observed correlation is used to derive a new model independent relation which
connects the partial derivative of the valence parton distribution functions(PDFs) in x to the QCD
evolution equation through the x-derivative of the logarithm of the correlation function. The nu-
merical analysis of this relation using empirical PDFs results in a constant factor for Q2- range
covering four-orders of magnitude for leading and next (or next to next) order logarithmic approxi-
mations in QCD evolution. The obtained constant factor allows us to express the “height- position”
correlation function in a simple exponential form which is valid for the all Q2 range of valence PDFs
being considered. The very similar correlation function is observed also for pions, indicating that
the obtained relation may be universal. The observed “height - position” correlation is used also
to prove the “mean field theorem” according to which no fixed number constituent exchanges can
be responsible for the valence quark distributions that produce a peak in the xqV (x) distribution,
thereby in the hadron structure function, F2(x).
Introduction: Valence quarks play a unique role in
QCD dynamics of the hadrons They define the baryonic
number of nucleons and represent ”effective” fermions
with complex interaction among themselves and with
the hadronic interior. The interactions being non-
perturbative present a real challenge for theoretical inter-
pretation. The continuing progress in experimental ex-
traction of valence quark distributions in wide range of x
and possibility to probe them in semi-inclusive and exclu-
sive deep-inelastic processes creates a new motivation for
theoretical modeling of the valence quark distributions.
The modeling is important since in the case of success
one gains a new level of understanding of the physical
phenomena of QCD dynamics in the hadrons. Even if
lattice calculations can reproduce the major characteris-
tics of valence quark distributions they don’t necessarily
result in a qualitative understanding of the underlying
processes.
In this respect observation of new properties and re-
lations in valence quark distributions is significant since
it allows to constrain underlying dynamics of QCD in-
teraction that produces these distributions thus support-
ing the progress in developing of non-perturbative ap-
proaches in the description of the structure of hadrons.
Our focus in the present work is on the one of the most
distinguishable characteristics of valence quarks - which
is that their distribution, qV (x,Q
2) weighted by momen-
tum fraction, x, exhibits clear peaking feature. This peak
is characterized by its height, h(xp) and the position xp,
both of which we can treat as an observables (in equal
footing with any other observables relevant to PDFs).
Since this peak is a product of the magnitude of x and
the strength of the valence quark distribution, one ex-
pects that its position and the height to be Q2 dependent
due to the QCD evolution of valence quark distribution,
qV (x,Q
2), whose strength shifts towards smaller x with
an increase of Q2. As a result one expects that both the
height and the position of the peak should be a function
FIG. 1: (Color online.) The x dependence of xqV (x, t) dis-
tributions at different values of Q2 for down and up valence
quarks in proton. Peaks at different Q2 are connected by
dashed line to indicate the correlation between the position
and the height of the peak.
of Q2, i.e. h(xp, t) = xp(t)qv(xp, t), where hereafter we
use the variable, t = logQ2.
In the following we will explore whether this depen-
dence on Q2 (or on QCD evolution) will result in ad-
ditional relations for valence quark distribution in the
nucleon.
“Height-Position” Correlation of the Peak of
the Valence Quark Structure Functions: As Fig.1
shows the height of the peak and its position for valence
PDFs in the nucleon diminishes with an increase of Q2
with strongly correlated manner. Such a correlation can
be understood from the above made statement that both
the height and the position of the peak of the valence
quark structure function are observables, thus can be ex-
panded in the power of strong coupling constant αs(t) as
follows:
xp(tp) = x1α(tp) + x2α
2(tp) + · · ·
h(xp, tp) = h0 + h1α(tp) + h2α
2(tp) + · · · (1)
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2Note that due to the x−
1
2 behavior of valance quark dis-
tribution at x → 0 limit, xp(tp) |α→0→ 0, thus there is
no x0 term in the α expansion. Combining above two
relations one concludes that the function h(xp, t) can be
represented as one-parametric function of xp in the form:
h(xp, tp) = Φ(xp(tp)) (2)
where Φ is a function of xp variable only.
In the following we will explore the implications of
Eq.(2) that it may have on partonic distributions of va-
lence quarks as well as on dynamical properties of valence
quarks in the range of Bjorken x ∼ xp.
New Relations for Valence PDFs: In general
PDFs depend on two independent variables of x and t
(or Q2). The relation of Eq.(2) indicates that at the peak
the x weighted PDFs depend analytically only on one
variable, xp, and the t dependence is expressed through
the xp’s dependence on t. This situation should result
in specific relations for valence PDFs estimated at peak
values.
Starting with relation:
h(xp, t) = xp · qV (xp, t) = Φ(xp(t)), (3)
we first consider the t derivative using the right hand
relation of the above equation resulting in:
dh(xp, t)
dt
=
dΦ(xp)
dxp
dxp
dt
. (4)
Considering now the middle part of the Eq.(3) the t
derivative yields:
dh(xp, t)
dt
=
d(xp(t)qV (xp, t))
dt
=
=
dxp
dt
qV (xp, t) + xp
dqV (xp, t)
dt
=
dxp
dt
qV (xp, t) + xp
[
∂qV (xp, t)
∂xp
dxp
dt
+
∂qV (xp, t)
∂t
]
.
(5)
Comparing Eqs.(4) and (5) one obtains:
xp
[
∂qV (xp, t)
∂xp
dxp
dt
+
∂qV (xp, t)
∂t
]
=[
dΦ(xp)
dxp
− qV (xp, t)
]
dxp
dt
, (6)
or in a more compact form:[
∂ log qV (xp, t)
∂xp
+
1
xp
]
+
∂ log qV (xp, t)
∂t
/
dxp
dt
=
d log Φ(xp)
dxp
. (7)
Above equation is rather unique since it allows to relate
the t derivative of the valence quark PDFs which can be
evaluated through the QCD evolution to the xp derivative
of the same distribution.
Using empirical PDF parameterizations for nucleons,
extracted from the analysis of deep inelastic scattering
data (e.g. [1–3]) one can calculate the LHS part of Eq.(7)
and thus evaluate the correlation function Φ(xp) as a
function of t or Q2.
In Fig.2 we present the calculation of the LHS part
of Eq.(7) using 2014 partonic parameterization of CTEQ
collaboration[2] in leading log approximation. Here we
used the QCD evolution equation in leading order to cal-
culate
∂ log qv(xp,tp)
∂tp
:
∂qV (x, t)
∂t
=
αs
2pi
{
2
(
1 +
4
3
log (1− x)
)
qV (x, t)
+
4
3
1∫
x
dz
1− z
(
1 + z2
z
qV
(x
z
, t
)
− 2qV (x, t)
) . (8)
while
dxp
dtp
and
∂ log qV (xp,tp)
∂xp
are calculated numerically
using leading order parameterization of the valence d-
and u-quark distributions[2].
FIG. 2: (Color online.) The data points are evalua-
tion of LHS part of Eq.(7) using leading order CTEQ14
parameterization[2] for valence quark distributions in the nu-
cleon. The factor D is the average value of evaluations with
shaded area representing the standard deviation of calculated
points. The figure (a) is for valence u-quark and (b)-for va-
lence d quark distributions.
As Fig.2 shows the LHS part of Eq.(7) is practically
constant for the all of Q2s covering the range of 1.8 GeV2
to 3.3× 104 GeV2. Such a constancy of the LHS part of
Eq.(7) in the Q2 range covering four-orders of magnitude
indicates that
d log Φ(xp)
dxp
= DLO = const.
In Fig.3 we present a similar evaluation for the LHS
part of Eq.(7) but for next to next to leading logarith-
mic approximation. As the figure shows the LHS part is
again produces almost constant behavior for entire range
of Q2. This suggests again that
d log Φ(xp)
xp
= DNNL =
const. Overall Figs.(2) and (3) show that the condition
3FIG. 3: (Color online.) Same is in Fig.2 but for next to next to
leading order approximation for CTEQ14parameterization[2].
of
d log Φ(xp)
xp
= const is independent on the order of log-
arithmic approximation in the QCD evolution.
The above observation of
d log Φ(xp)
xp
= const results in
the exponential correlation function Φ(xp):
Φ(xp) = Ce
Dxp (9)
which is universal with respect to the order of logarith-
mic approximation in the QCD evolution equation, with
differing exponents D and overall factors C. The values
of C and D for d- and u- valence quarks in LO, NLO and
NNLO approximations are given in Table. I.
In Fig. 4 we use the parameters of Table I to compare
the function of Eq.(9) with the xp dependence of h(xp, tp)
for down and up valence quarks in the nucleon in LO and
NNLO approximations. The figure shows that indeed
the h(xp, tp) - xp correlation follows almost ideally an
exponential form.
FIG. 4: (Color online.) Comparison of the calculations (dot-
ted lines) using Eq.(9) with the actual CTEQ14 parameter-
izations. Parementers C and D are given in Table I. Solid
lines represent the central values and shaded areas are errors
of CTEQ14 parameterization. Figures (a) and (b) are for va-
lence d- and u- quark distributions. The α scale is calculated
within NNLO.
Summarizing this chapter we conclude that we found
a new relation for valence PDFs according to which the
TABLE I: Parameters C and D of Eq.(9) for valence d− and
u- quark distributions in the nucleon
Proton CT14lo CT14nlo CT14nnlo
dV 0.16(1), 2.8(1) 0.19(1), 3.1(1) 0.19(1), 3.2(1)
uV 0.36(1), 2.02(7) 0.37(1), 2.71(6) 0.37(1), 2.74(7)
specific combination of the tp and xp derivatives of PDFs
results into a constant value for all the range of Q2 cur-
rently being discussed. The relation is:[
∂ log qv(xp, tp)
∂xp
+
1
xp
]
d log xp
dtp
+
∂ log qv(xp, tp)
xp∂tp
= D
= const.
(10)
where the constant D depends on the flavor of the valence
quark and order of log approximation in QCD evolution.
Mean Field ”Theorem” for Valence PDFs at xp:
Another implication of the observed correlation between
the height and the position of the peak of h(xp, tp) is the
dominance of the mean field dynamics in the generation
of valence PDFs at x = xp. It is well known that if
PDF dynamics are defined by the short range hard in-
teraction of gluons between parton constituents of the
nucleon, then the PDF behaves as[4, 5]:
q(x, p) ∼ (1− x)2N−3+2|∆λ|, (11)
where N is the number of minimal possible quark con-
stituents in the nucleon, which is N = 3 and ∆λ is the
difference between helicities of the target particle and the
struck quark. An important feature of the above count-
ing rule is that for valence PDFs, due to baryonic number
conservation N does not change by the QCD evolution
and same is true for ∆λ, which for the case of the nu-
cleon is = 0. Since QCD evolution is associated with soft
radiation of quarks one expects the same exponent, (3),
for PDFs independent on Q2.
In this respect it is interesting that the observation
of the“height”-“position” correlation of Eqs.(10) and (9)
results in a parametric form of
qV (xp, t) ∼ (1− x)
1−xp(t)
xp(t) (12)
in which the exponent of the valence quark distribution
changes with QCD evolution. (It can be checked that for
Eq.(12), the h(x, p) function, will peak at x = xp). The
fact that the exponent is not a fixed number and depends
on the resolution of the probe indicates on a more com-
plex dynamics of generation of valence PDFs at x = xp.
For example the decrease of xp with t indicates that the
less momentum fraction is imparted to the interacting va-
lence quark which can be due to the increase of the recoil
mass of the nucleon due to increased valance quark radi-
ation at large t. Overall this observation indicates that
no fixed number constituent short-range interaction can
be responsible for the dynamics of valence quark PDFs
4at x ∼ xp. Such a scenario indicates on the enhanced
role of the nucleon’s strong interacting mean-field on the
momentum distribution of the valence quarks[6]. Only
moving away from xp one should expect the mechanism
of quark-quark interaction through the hard gluon ex-
change to become important. In this respect the partonic
dynamics for the valence sector can be similar to the one
in the nuclear physics with mean field and short-range
correlations dominating different internal momentum re-
gions of the constituents(see e.g. Ref.[7]).
Other Hadrons and Some Outlook: The ob-
served “height”-“position” correlation of the peak of the
x weighted valence quark PDFs, h(x, t), in the nucleon
is a combination of two effects: the dynamics that gen-
erate partonic distribution of valence quarks and QCD
evolution that shifts the strength of the distribution to-
wards the smaller x. As such one might expect that
this effect should be universal for any hadrons for which
valence PDFs satisfy specific sum rules, such as bary-
onic number sum rule for nucleons. Thus it is interesting
to explore the possibility of similar correlations also for
mesons extending it to the sector of strange and charm
quarks. As an initial result we present in Fig.5 the xp
dependence of x weighted valence quark distribution in
pi-meson calculated based on the recently obtained PDF
parameterization[8][9].
FIG. 5: (Color online.) Exponential fit of the xp dependence
of the h(xp) function using the parameterization of Ref.[8].
Dashed line is the fit according to Eq.(9), solid line central
values and shaded area errors of parameterization.
As the figure shows the exponential form of Eq.(9)
fits the“height”-”position” correlation reasonably well
with parameters C = 0.202(3) and D = 1.50(2). This
represents a strong indication that observed correlation
(Eqs.(10) and (9)) is universal for any valence quark dis-
tribution in the hadron.
Concluding, we emphasize that the exponential form
of the“height” - “position” correlation is a result of the
specific relation between xp and t derivatives of valence
PDFs (Eq.(10)), which results in a constant value D
for Q2 range covering four-orders in magnitude. The
verification of this relation with PDF parameterizations
obtained in LO, NLO and NNLO approximations (e.g.
Fig.2 and Fig.3) indicates that it is valid for any orders
of QCD coupling constant α. Because of such univer-
sality this relation can be used to constraint any new
PDF parametrizations extracted from experimental data.
From the theoretical point of few Eq.(10) can be used as
a testing ground for nonperturbative models aimed at
describing the dynamics of the valence quarks in the nu-
cleon in xp region. The constant D in Eq.(10) comes out
as an important factor for relating different properties of
valence quark PDFs to QCD evolution equation. In this
respect it will be interesting whether the parameter D
can be evaluated from the first principles based on, for
example, lattice QCD calculations.
Finally, the possible extension of this work will be the
studies of peaking properties of polarized valence quark
distributions as well as generalized parton distributions
extracted from semi-inclusive deep inelastic scattering.
All these may give a new testing ground for QCD as well
as result in a possible new relations between different
properties of quark distributions in the hadrons.
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